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The vertebrate immune system generates high-affinity antibodies to external antigens
through a process of somatic hypermutation that takes place in germinal centers
formed in the secondary lymphoid tissues. B cells proliferating in these germinal
centers experience random mutations in the genes encoding the variable region of
their immunoglobulin molecules and are subsequently selected for high-affinity
binding to antigen. These germinal center reactions iast for only about 2 weeks, yet
in that time typically produce multiple point mutations resulting in affinity increases
of factors of ten to a hundred or more. We have attempted to understand this
extraordinary effectiveness by casting the problem of affinity maturation as an
optimization problem in which a quantity that we call the total affinity is maximized
as a functional of u(t), the mutation rate as a function of time, We have developed a
single-compartment model for the process and an optimization algorithm based on
the Pontryagin maximum principle. Our results show that the optimum mutation
schedule is one with brief bursts of high mutation rates interspersed between periods
of mutation-free growth. Though this result at first seems highly non-physiological,
we show that, in fact, it provides a framework within which the anatomy and kinetics
of the germinal center reaction can be understood.

1. Introduction

The immune system recognizes and neutralizes pathogens and discriminates between
self and non-self. The system is highly complex and has many intricately co-ordi-
nated subsystems. In this paper we will be concerned with the humoral response,
mediated by immunoglobulin molecules or antibodies, and the B cells that produce
them.

Immunoglobulin (Ig) is a protein that binds to specific sites (epitopes) on foreign
material (antigen). Once bound, this binding facilitates the phagocytosis of the
antigen, it can activate a series of enzymatic events within the complement system
leading to the lysis of cellular antigens, or if the epitope is a receptor or adhesion
molecule, it can competitively inhibit its function. The immune system cannot know
what epitopes it may encounter, so it is faced with the formidable chalienge of
providing Ig that will recognize and bind anything nature might throw at it
Unraveling the strategy by which this is accomplished has occupied much of modern
immunology (Silverstein, 1989), and a significant part of the picture is now clear.
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When, at the beginning of this century, Landsteiner showed that immune sera are
highly specific for the antigens that produced them, immunologists realized that the
antibody repertoire had to be enormous. [At the time a figure of 10*! different
specificities was often cited (Silverstein, 1989).] Several of the theories devised to
account for this great diversity were instructionist theories. These held that the
antigen itself directed the formation of the appropriate antibody shape. These
theories fell out of favor when the “central dogma” of molecular biclogy, declaring
that information flows from genes to proteins and not the other way around, was
enunciated by Crick. Instructionist theories were replaced by selection theories. The
clonal selection theory of Burnet (1959), which has been validated extensively by
experiment and observation, is the current paradigm in immunology.

Clonal selection holds that diversity pre-exists in vast numbers of small clones of
resting B cells. These clones are specific in that the B cells in a clone all express Ig
molecules with the same variable region on their plasma membranes, which they use

_as antigen receptors. If a cell binds antigen with its surface Ig, it becomes activated
and (after receiving further signals from specific “helper” T cells) sets into motion a
complex sequence of events that leads, among other things, to rapid proliferation of
the clone, copious secretion of ig and generation of immune memory. If the cell does
not encounter an appropriate antigen, it dies in a few days. Thus, there is rapid
turnover of the circulating B-cell population and vigorous development of new
clones in the bone marrow.

The impressive diversity exhibited by this naive repertoire is generated by an
extraordinary mechanism during development. The Ig molecules are not individually
coded in the germline. As was appreciated by the instructionists, such an encoding
would have been prohibitively large. Instead, the coding sequences are assembled by
recombination of randomly chosen gene segments stored in germline libraries (see,
for example, Klein, 1990). So the body anticipates novel antigens by expressing large
numbers of randomly chosen Ig specificities, thereby covering the space of possible
epitope shapes (Perelson & Oster, 1979).

But even this enormous diversity is inadequate for the production of sufficiently
high-affinity antibodies to a given antigen. Analysis of the naive B-cell repertoire
suggests that the immune system’s strategy is to use relatively low affinity, broadly
reactive Ig in the naive repertoire to ensure efficient coverage (Chua et al., 1987). This
hypothesis is supported by recent evidence that accessory molecules may function to
enhance the stimulation of low-affinity B cells (Carter & Fearon, 1992). The
generation of high-affinity Ig then must be handled by a separate mechanism. This
mechanism is somatic hypermutation (Berek & Milstein, 1987, 1988; French et al.,
1989; Berek et al., 1991; Steele, 1991), first hypothesized by Weigert et al. (1970).

A macroscopic description of somatic hypermutation may be somewhat reminis-
cent of the instructionist theories, although the detailed process is substantially
different. Once a B-cell clone is activated, some of these activated cells migrate to
newly forming germinal centers (GCs) in the lymph nodes and spleen (Jacob et al.,
1991; Leanderson et al., 1992, Liu et al, 1992; Nossal, 1992), where they undergo
rapid proliferation and extensive mutation. This process of germinal center forma-
tion with extensive B-cell proliferation is called the germinal center reaction (GCR).
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Remarkably, hypermutation occurs only in the genes coding for the variable region
of the Ig light and heavy chains and their flanking regions. These genes determine the
structure and specificity of the antigen-binding site. The molecular mechanisms
responsible for hypermutation and its regulation are as yet unknown (Steele et al,,
1991). Among the mutants generated in this process, some may express Ig with a
higher affinity for antigen. The cells bind more antigen and proliferate more than the
naive populations. They also deplete the available antigen, whether free in solution
or held on follicular dendritic cells {see below) in the GC, thereby reducing the
stimulation and growth of the lower-affinity non-mutated cells.

The germinal center reaction lasts for about 2 weeks, and in that time the
characteristic affinity of antibody for the immunizing antigen may be increased by
ong or two orders of magnitude or more, as a result of multiple amino acid
substitutions (Berek & Milstein, 1987, 1988; Jacob et al, 1991; Steele, 1991).

The somatic mutation process is remarkably efficient. Given our general expec-
tations that only a small proportion of mutations should yield a selective advantage,
the short time actually required to produce significant increases in affinity through
multiple advantageous pcint mutations is quite surprising. This has led to some
speculation about the possible occurrence of novel molecular mechanisms and non-
Darwinian mutation and selection processes (Manser, 1991). Before dismissing
Darwinian mechanisms as being too inefficient to account for the observed number
of mutations, which can be as high as ten or 20, it is important to determine the
optimal efficiency of Darwinian mechanisms. Thus, in this paper we investigate the
extent to which manipulation of the mutation rate as a function of time can enhance
the production of large quantities of high-affinity Ig-bearing cells. It is clear that the
mutation process is highly regulated: it is directed at a very specific region of the
genome, it turns on some time after the onset of the immune response, and turns off
again before the response is over (French et al, 1989; Berek er al, 1991).
Furthermore, some estimates of mutation rates (McKean et al, 1984; Berek &
Milstein, 1987; Gearhart & Levy, 1991), made assuming that these rates are constant,
are so high (1= 10"2bp~' generation~!) that they would prevent any clone from
growing at all. As will be shown below, the maximum proliferation rate for fully
stimulated B-cell populations is proportional to 2(1 — i)¥ — 1, where /i is the mutation
rate per base pair per generation, and N is the number of nucleotides in the coding
region of the Ig variable region. When this expression vanishes, the clone is just
maintaining itself; half its daughters are mutants. We call this the critical mutation
rate, fi.. When the mutation rate is higher than i, the clone will disappear owing to
mutation, while populating neighboring clones. For N =660, the approximate
number of nucleotides coding for the Ig variable (V) region (Kiein, 1990),
f.=105x 1073 Above this rate, the clone depletes itself while populating neigh-
boring clones.

Below, we model B-cell clonal proliferation and mutation under the influence of
antigen, and apply Pontryagin’s maximum principle to find the mutation schedule,
u(r), that maximizes a quantity that we call the total affinity, which takes into
consideration both the average affinity for the immunizing antigen and the number
of B cells involved in the response. We find that the optimal schedule is one with
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bursts of high mutation rates between periods of non-mutated growth, We call such
a mutation schedule phasic.

Our result is related to work by Perelson et al. (1976, 1978) who studied the
control of B-cell proliferation and differentiation via Pontryagin's maximum prin-
ciple and showed that, in order to generate the maximal amount of antibody in a
fixed time, it is optimal for a B cell to proliferate without differentiating until a
critical clone size is reached and then to turn on differentiation to the plasma cetl
state. Although our problem is a bit more subtle since we are interested in multi-step
mutants, our result is also related to the work of Agur et al. (1991), who treated a
greatly simplified version of the affinity maturation problem and showed that to
generate a particular one-step mutant, it is better to let the progenitor population
grow to some critical level and then to switch mutation on at its maximum rate,
rather than letting mutation operate at some intermediate rate throughout the
population’s growth phase.

A phasic mutation schedule may at first scem unphysiological. However, we will
show that in the context of the anatomy and physiology of the germinal center
reaction that a phasic mutation schedule is easy to implement if cells exit and then
re-enter a “mutational compartment”, such as the dark zone of the germinal center.
This leads us to join others who have discussed the importance of possible re-entrant
pathways in the GC (Steele et al., 1991; Liu et al., 1992). If such pathways exist, the
phasic mutation schedule arises quite naturally as a result of the multi-
compartmental structure of the GC. This insight may add significantly to our
understanding of the regulation of affinity maturation in vivo.

2. Model

We model a single-compartment in which B cells are stimulated by antigen
binding and proliferate in respense to antigen with some probability of generating
point mutations at every division. Cells that are not stimulated die. So we consider
two processes:

{i) PROLIFERATION/MUTATION

Let X, denote a B cell expressing surface Ig with a variable region of genotype i.
The proliferation/mutation reaction is

Xi—= X+ X, (1)

and the rate of this reaction is given by k h;m;;m;,, where k, is the rate of cell division
at maximum stimulation, h, is the degree of activation, dependent on antigen binding
in a manper to be specified, and m,; is the probability that a cell of type j arises as a
daughter of a cell of type i. The matrix [m,;] is determined once we specify the overall
mutation rate ¢ and how mutation converts one genotype into another. To conserve
probability, we must have for all i, 3 ,m; ;=1 When k=j=i, eqn (1) models
X,— X+ X,, i.e. cell proliferation.
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{ii) CELL DEATH

Any ccll that is not stimulated dies (Liu et al., 1989), so the rate of cell death in
clonal population i is k,(1 —h;), where k, is the rate constant characterizing cell death.

2.1, ANTIGENIC STIMULATION

The interaction of cell surface immunoglobulin with antigen is reversible and may
be written as

rta=r, 2
where r; is a free receptor of type i, a is unbound antigen, and r¥ is the bound
receptor—antigen complext. The equilibrium constant for this reaction is K;. We
assume that on the time scale of cell division, these physicochemical reactions are

always at equilibrium. At this equilibrium, the concentration of bound receptors is
given by

K fal[rd,
1 +K,[a]

where [r], is the total concentration of receptors of type i and [4] is the unbound
antigen concentration.

If we assume that antigen is conserved, then we have the additional equation

[+ Y. 7] = [a], @

[rf1= 3

where [al, is the total concentration of antigen. At first sight, this assumption seems
snusual, but it may be a fairly good approximation. There is a population of cells,
the follicular dendritic cells (FDC) (Tew et al., 1990), that are critical for the
formation and maintenance of GCs (Kosco et al., 1992). These cells bind antigen in
the form of antigen—antibody complexes on their surfaces for presentation to B cells.
Furthermore, they hold these complexes on their surfaces for very long times,
perhaps as long as the life-time of the host organism, and are thought to be one of
the mechanisms responsible for maintenance of immune memory (Gray & Skarvall,
1988; Gray & Leanderson, 1990; Gray, 1992). One may view our model as assuming
that antigen is “borrowed” from the follicular dendritic cells but is not destroyed. A
more detailed model would account for antigen degradation as well as antigen influx
from the circulation, but including these phenomena makes most sense in the context
of a multi-compartment model in which the generation of memory cells is explicitly
considered. In the mean time, we believe our model represents the relevant facts
adequately.

We are interested in the receptor occupation density only so far as it affects the
activation level h,. We make the simplifying assumption that h; is given by the

tWe are ignoring details of cross-linking and antigen valence because at our present level of
understanding of the mechanisms underlying B-cell stimulation in GCs, incorporating such information
would overly complicate what is meant to be a simple model.
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fraction of bound receptors of type i,

_ K;[a]
"TI4K[a] ©)
If there are ¢ receptors per cell and [X;] cells of type i, then [, = ¢[X,] and
[e]+o z h[X] = [alo. (6)

2.2. DYNAMICAL EQUATIONS

To formulate the dynamics of this system we introduce the following dimension-
less variables: x; = o{ X[1/[a]o, « = [a]/[¢]; and k; = [a],K;. In these new variables,
the activation level is given by

aK;
.= L 7
Yoltax )

and the algebraic equation expressing conservation of antigen becomes
d+ Z hix‘- = l. (8)

The number of cells of type i varies owing to proliferation, mutation and death.
We model the kinetics of these processes by the deterministic differential equations
% = x,8,{ — k(1 —h) + kb, (2m;— 1)} + 2k, ;_ ;i x;0;. ©)
Ignoring @ for the moment, the first term on the right is the rate of death of
unstimulated cells, the second term is the rate of proliferation of cells of type i, and
the third term is the rate at which cells of type j have daugher cells that have mutated
into type i In the proliferation term, the factor 2m;—1 arises from the fact that
according to scheme (1), proliferation occurs when i =j = k, and hence both daughter
cells are of type i, giving the term 2m;;, and one parent of type i is lost. The factor 2 in
the last term is a result of the fact that either of two daughter celis of a cell of type j
may be of type i. .

The factor 8, is shorthand for the step function 8(x;—¢&), and & is a threshold
equivalent to one cell. The rationale for the inclusion of these #-terms is straight-
forward. We are preventing a clone’s proliferative mechanisms from operating until
that clone reaches an occupation level equivalent to one cell. In a conventional
continuum description, the system size is taken to infinity, so that the concentration
assigned to populations with a single cell is infinitesimal. For systems with mutation,
the waiting time for the appearance of a given mutation scales as the inverse system
size. Thus, in a conventional continuum description, all possible mutants appear
immediately. This can lead to the growth and dominance of high-affinity ctones long
before they would, in a more careful analysis, be expected to have a single member!
Owing to the non-dimensionalization, the threshold parameter ¢ scales like 1/[al,,
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and since [a], fixes the system size, we recover the naive continuum limit as
[a]o—»oo.

2.3. ASYMPTOTIC BEHAVIOR IN THE ABSENCE OF MUTATION

We can already say a few things of some consequence about this model. First, the
model realizes strong competition for antigen as discussed above. In the absence of
mutation, the clone with the highest affinity and having supra-threshold concentra-
tion (i.e. having at least one cell present) will grow at the expense of all other clones,
50 that the asymptotic solution is always monoclonal {or null, if there is insufficient
antigen to stimulate any cells). To see this, note that in the absence of mutation,
my; =0 for j#1i, and since ) ;m; =1, m; = 1. Thus, eqn (9) becomes

dx;
de
from which it is clear that the clone with the highest level of stimulation, &;, will grow
the fastest. Since h; increases monotonically with the affinity «; [see eqn (7)], the
clone with the highest affinity grows the fastest. At equilibrium, the stimulation of the
fastest growing clone, h = k,/(k,+ k,), and hence its rate of growth will just balance
its rate of death. Slower growing clones will necessarily die faster than they are
growing and hence be eliminated.
If the (dimensionless) affinity of the highest-affinity clone is x, then from (8) and
(10) the asymptotic solution is given by

x0.{—ko(1 —h)+k,h;}, (10)

x(0) = K8 (1 _ o0} (11)
ky
and by (8) the free antigen concentration is
a{oo) = 4 (12)
kk

f4

This solution with a single clone is stable. If we perturb this system by adding the
equivalent of one or more cells from another clone of affinity «’, then one of two
things can happen. If &' <x, then the net growth rate of the second clone must be
smaller than that of the first. But since the first was balanced between cell division
and cell death, the second must decline until it falls below threshold. If, instead,
K’ > K, then the second clone grows. In addition, if k" > x, the second clone is a more
thorough exploiter of antigen, so the concentration of free antigen drops and the
equilibrium of the first clone is upset, so it begins to decline until it is eliminated. If
mutation is present, however, multi-clonality can be maintained. Note that these
results depend only on h; being a monotonically increasing function of the affinity x;
and not on the particular functional form for h; that we have used.

24. THE MUTATION MATRIX [m;;]

In order to completely determine the model, we must specify the “vector” of
affinities x; and the mutation matrix [m,;]. The mutation matrix is fixed by the
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relationship between genetic sequences. If we use an n-nucleotide genetic alphabet
and a coding sequence N nucleotides long, then the matrix is given by

B

my = (W) (=@ (13)
n—1

where d; is the number of sites at which clones i and j differ, and i is the probability

of mutation per nucleotide per generation. Since there are n possible nucleotides,

ji/(n—1) is the probability of one nucleotide mutating to some other given nucleotide.

Since we are modeling a standard genetic code, n=4.

2.5. THE AFFINITIES K;

If for each Ig genotype i, we specify an affinity x;, then our model is complete.
However, specifying the affinities k; is not straightforward. The determination of the
binding affinity to a given antigen as a function of the Ig primary sequence is a very
complicated unsolved problem. In fact, before one can adequately address this
problem, one needs to be able to predict an antibody’s structure from its primary
sequence, and cven this problem is notoriously intractable with today’s methods.
Furthermore, to keep track of individual clones, even restricting oneself to rather
small neighborhoods of any given clone, is computationally infeasible. The coding
sequence for the variable regions of the Ig molecule is about 660 bases long (Klein,

N .
1990), so there are (n—1)? (3) > 10? clones to track among just the three-mutant

variants. Clearly, some heuristic is needed.

2.6. AFFINITY CLASSES

Rather than deal with individual clones, which requires us to solve the problem of
assigning affinities to ¢ach Ig genotype, we shall move to a different level of
description where we lump all clones that have similar affinities into a single
category, which we call an affinity class. At this new level of description, x; will be the
concentration of cells in affinity class i. Some mutations will move cells from one
affinity class to another. By keeping track of the dynamics of cells moving between
affinity classes we shall be able to account for the changes in affinity that accompany
affinity maturation by somatic mutation.

Let us be precise about the definition of affinity class. For example, we could
define affinity classes as corresponding to affinities of 10* M~%, 10° M~*, 106 M1,
etc, where a clone would be assigned to affinity class 10> M~! if it had an affinity
5x10° < K < 5 % 105. Rather than specifying the affinity classes explicitly, we take a
more general perspective and let k; denote a (dimensionless) affinity class and
arrange the affinity classes in ascending order so that k,, , > x,. We assume that the
affinity distribution is sufficiently broad that clones will fall into each of our assigned
classes.

Once affinity classes are defined, we need to specify how mutations will affect the
affinity class of a clone. Here we shall call a mutation silent if it does not change the
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affinity class of the antibody. A mutation that does lead to an affinity class change
will be said to be expressed. If a2 mutation is expressed, the affinity change can be to
an antibody that loses all ability to bind antigen. We shall treat such cases specially,
and call these mutations lethal. Let pg be the probability that a mutation is silent.
Then, given that a mutation is not silent (probability 1— py), it can either be lethal
(probability p,), i.e. lead to no binding with the antigen, or be non-lethal (probability
1 —p;). We assume that any single point mutation that is not silent and is not lethal,
will only change the affinity by an amount sufficient {or the clone to move up one
affinity class or move down one class. Clearly, some mutations can cause a large
enough change in affinity so that it would correspond to two or more classes. Here
we assume that the affinity classes are defined in such a way that such events are
sufficiently rare that they can be ignored.

The probabilities of an expressed non-lethal mutation causing a clone to move up
or down one affinity class are determined by the relative number of possible clones
(not necessarily occupied) in each affinity class. Here, by possible clone, we mean that
if one examines all possible V-region sequences, some number of them, .4, will
correspond to affinities in class i. Given that a single expressed non-lcthal mutation
has occurred in class i, the probability that it is advantageous, moving to class i+ 1 is
simply
M

jsipl)=— L
pi=i+D) N+ N

(14)
The fraction of V-region sequences that fall into each class is not known, but it seems
clear that high affinities are much rarer than low affinities. To make matters explicit
we shall assume that the number of V-region sequences falls by a constant factor A
as the affinity class is increased by one, i.e. we assume that the number A7 = A]_ /A,
so that

N = M AT, {15)
for some A > 1. Under this assumption
o 1
p(l—)!*}-l)‘—_m. (16)

Thus, advantageous mutations are rarer than deleterious ones and the fraction of
expressed, non-lethal mutations that are advantageous is given by eqn (16). Notice
that the result of assuming that the number of sequences in succeeding classes falls
geometrically, eqn (15), is that the fraction of advantageous mutations depends only
on A and is independent of the affinity class i. In reality, one might expect that
advantageous mutations of a high-affinity antibody are less likely than advantageous
mutations of a low-affinity molecule. Generalizations of our model that incorporate
this assumption would be interesting to pursue.

27. THE MUTATION MATRIX [m;;] FOR AFFINITY CLASS CHANGES

In section 2.4 we derived the mutation matrix corresponding to a change in
genotype from type i to type j. For our lumped version of the model in which



46 T. B. KEPLER AND A. 8. PERELSON

affinities are treated in classes, we need to define a mutation matrix [m;;] that
corresponds to a change in affinity from class i to class j.

When a cell divides, multiple point mutations are possible. With i the probability
of mutation per nucleotide per generation, ii{l — pg), is the probability of an expressed
mutation per nucleotide per generation. Now, during a single cell division, mutations
can change affinity from class i to class j. For such transitions, we have

(11 —pg)* ¥~
1+A%-D

my = ( N .)(ﬁu—ps)u—p,.))"-f' a7
Ji—jl

and
my = {1 =41 —pgh}™. (18)

In deriving this equation we have assumed that each expressed non-lethal mutation
corresponds to a change in one affinity class. Thus, a change from class i to class j
involves [i —j] expressed non-lethal mutations in i —j| out of N nucleotides, each of
which occurs with probability fi(1—pg{1 —p.), and no expressed mutations in the
remaining N —|i—j| positions.

If we restrict our attention to a small number of classes, so that |i —j| « N, we may
rescale p, letting Nj(l —pg)— . Then to leading order in 1/N, we have a Poisson
process, with

_{p—ptt e
T gi—jit 14AWD

(19)

and
a=e " (20)

3. Maximization of Total Affinity and Pontryagin’s Maximum Principle

The problem as we have discussed it can be framed in the language of optimal
control theory (Pontryagin et al, 1962) and can be solved using Pontryagin’s
maximum principle. We will not state the principle in its most general form, but will
use a version specific to our needs.

As we have mentioned, during the course of an immune response the average
affinity of the antibodies in the blood serum for the eliciting antigen increases with
time. Here we have chosen not to deal explicitly with the antibody itself, but only
with the population dynamics of the B-cell clones that ultimately secrete the
antibody. In the context of these clones, we must decide what quantity makes a
reasonable figure of merit for the purpose of optimization. We choose to maximize at
some fixed time T after the start of the germinal center reaction (GCR) the product
of the total population size of B cells specific for the antigen and the average affinity.
We call this quantity the total affinity

Alt) = 3. x(e);. 21

The reason for choosing this quantity is that both high average affinity and having
many B cells participating in the response are important in antigen elimination.
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The maximization of A(T) is done by varying u(t) acting through [m;;], as given by
egns (19) and (20). Fortunately, the choice of the function to be maximized does not
seem to be critical, for within a wide range of intuitively reasonable functions, the
essential features of the solutions are unchanged. In fact, for the systems we have
studied, the u(t) obtained by maximizing A(7T) is indistinguishable by our criteria
from that obtained by maximizing a generalized A,(T)=), x(T)xf as long as g = 1.

To find the optimal u(t), we introduce, as required by the Pontryagin procedure,
the co-state variables z; and the Hamiltonian

Hix, z; (1) = Z z.flx; u(2)), (22)

where f,(x; p(t)) is given by the right-hand side of (9). The co-state variables (or, more
precisely, the quantities z;,—x;) play a role of Lagrange muitipliers for the dynamical
equations. In terms of the Hamiltonian, the equations of motion are

dx; 0H
e 5—2’: = filx, u(t)) (23)
and q
z;
&= Tu @9

The initial conditions on x are fixed by the model. The terminal x values are free to
vary. In this case, according to Pontryagin’s maximum principle, the terminal
conditions on z must be fixed. For this problem they are z,(T) = «;. Note that at the
terminal time, H(T)= ¢A/0(T), but H and 0A/3t are generally different at other
times. Now a necessary condition that u(f) maximize A(T) as a functional is that p(r)
maximize H(t) pointwise for all ¢ between 0 and T, constrained by p> 0.

The algorithm we have constructed to find the optimal g(t) is quite direct. It starts
from an initial guess u,(f) on a discretized time, and improves this by sequentiaily
solving the equations

d (n)

—f (X (1) (25)

with
x"(0) = {(2)5 if i = 0 otherwise (26)

and )

R L) )

with
ZT) = Ky (28)

and using these results to find fi,(f) such that ji,(t) maximizes H(x"™, z™, u(t)} over
u(7). Then, the new guess is

Harat) = ppa(t) +(1 — P} (1), (29)

where p is a damping parameter, 0 < p < 1. Thus, given u,(t) we find x™(1) by
integrating (25) forward from its fixed initial values [note that (25) does not depend
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on z]. Then, using x™ we find z™ integrating (27) backward from its fixed initial
values. Using x* and z™ in the expression for H, we find the u(z) that maximizes H
at each of the discrete points of time, and call it f,(¢). Finally, we form the new
candidate guess g, ,(t) as a linear combination of f.(t) and w,(¢). This is repeated
until some convergence criterion is met. The convergence criterion we use is that u(t)
stops changing very much, or more precisely, that for some small positive number &,

T
lT J. {nun(t)_ ﬁn(t)}z de <e (30)
o)

3.1. SIMPLER MODELS

In addition to the model developed above, which we will solve numerically, we
have developed a family of simpler models that admit analytical solution. These
models are useful insofar as they provide a partial bridge between this work and that
of Agur et al. (1991), increase the power of our intuitions for the more complex
systems and highlight the details more closely than is possible in a numerical
treatment. They atlow us to calculate, for example, the relative advantage conveyed
by the use of the globally optimal schedule rather than the simpler constant-
mutation schedule. The solutions of the simpler models give us expressions for the
parameter dependence of important features of their optimal schedules that we may
expect to carry over, in approximation, to the full model as well. These models and
their solutions are presented and discussed in the Appendix.

3.2. PARAMETER VALUES

k, Weuse k,=4d"~' corresponding to a cell cycle of about 6 h (Zhang et al., 1988).

k; Cell death rates have not been measured as accurately as have proiiferation
rates. We use k; =4 d !, consistent with Cohen et al. (1992). This high rate is due
to apoptosis (see below) and represents a combined rate for the receipt of
apoptotic signals and the delay before death occurs.

pr Only a small part of the variable region gene actually codes for one of the
complementarity determining regions (about 25%). The rest codes for framework
regions, mutations to which have a high chance of being lethal. Therefore, we
take p,=0-5 mutation™', in close accord with previous model estimates
(Litwin, S., personal communication).

k; We take the (dimensionless) affinities to increase geometrically, using values
taken from the most complete site-directed mutagenesis experiments known to
us at this time (Brown et al, 1992): x,=7-5(7-5)". The initial seed clone has
xk="T35.

£ The threshold & sets the scale for the populations, since ¢ is equivalent to one
cell. In our dimensionless units we set ¢ = 10~ * so that using the above values for
the death and proliferation rates, the maximum population of a high-affinity
clone, from eqn (11), is about 3, which is equivalent to 3 x 10* cells, reasonable
for the (centroblast) population of a GC (Liu et al., 1992).
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A We let A, which determines the ratio of advantageous to non-lethal but
deleterious mutants, vary between 1 and about 70. An estimate given by Manser
(1991) is roughly equivalent to A = 30.

T Our approach is to maximize some quantity of merit at a fixed time alter the

onset of the GCR. For this time we take a typical duration of a primary response
and GCR, T = 14 days.

Our initial conditions are x,(0) = 0 for all clones but the seed clone. For the seed
clone, x,(0)=2¢, corresponding to an initial population of two cells. This is
consistent with the known oligoclonality of GCs and their initially small populations
(Kroese et al.,, 1987).

4. Results

The essential results are shown in Figs 1 and 2, where we have used A =30 and
A =40, respectively. Starting from an initial guess of py(t) = constant, the algorithm
produced a phasic candidate optimum mutation schedule with four (Fig, 1) or three
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F1G. 1. Panel (d) shows pu(t), the optimal rate of expressed mutations per generation per Ig coding region,
as a function of time over the course of 14 days. The parameters are as given in the text and with A = 30.
This p{t) was obtained by iterating the algorithm described in the text from a starting constant rate
1o() =01, (a) Shows the log of the total affinity, A(t). Panel (b) plots loga, the (dimensionless)
concentration of free antigen, showing its depletion to successively smaller values as high-affinity clones
appear and grow. Panel (c) gives log x, the population sizes for all the affinity classes used in the
simulation. Note that in these plots, the population variable x has been normalized by division by £ so
that x represents actual number of cells. The lines are labeled by the affinity class index, i, with
x; = 7-5(7-5). The seed class corresponds to i =0. Of the lower-affinity classes (i=—1, —2, —3), only the
first is capable of proliferation at the initial free antigen level, so they grow exclusively by mutation from
higher classes. The lower boundary of this plot corresponds to x = £, or the one-cell level.
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FiG. 2. The same as Fig. 1, but with A =40, i.e. advantageous mutations are rarer.

(Fig. 2) bursts of high mutation rate each lasting about 0-8 days, between longer
periods of about 2 days during which there is no mutation at all. Although
Pontryagin’s maximum principle provides only a necessary condition for optimality,
we have confidence that our phasic solutions actually represent global optima. These
solutions make sense when compared to the analytic solutions obtained for simpli-
fied versions of this model (see Appendix). Furthermore, for these parameter values,
the solutions appear to be unique, in that the only other fixed point of our algorithm
we have found is the obviously suboptimal u(t)=0 (this solution is unstabie).
Regardless of our initial guess uy(t), as long as it is not identicaliy zero, we find the
same fixed pointt.

Referring to Figs 1 or 2, interpretation of the optimal solution is straightforward.
At the onset of the GCR, the rate of growth of the seed clone [(c), i = 0] is
maximized by keeping mutation turned off. When it reaches a population size
roughly proportional to £A? (see Appendix), the clone now has enough cells to
virtually assure that if each cell produces one mutant daughter, at least one of these
will be advantageous. At this point, it switches on mutation, the growth rate of the
seed clone declines and a large number of low-affinity clones (i=—1, —2,...) are
produced. When the higher-affinity variant finally does appear, mutation is no longer
desirable, since one now wants to maximize the rate of growth of this new clone. This
process is repeated for the duration of the GCR. At no time does the total affinity 4

1 The stability of fixed points depends on the algorithm parameter p. An unstable fixed point can
usually be stabilized by making p closer to 1, but we have no assurance that this is always true; as p gets
close to one, the convergence rate falls rapidly, and it becomes impractical to find the optimal solution
with our algorithm.
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[(a)] decrease. Note the step-wise depletion of antigen [(b)] as higher-affinity clones
are produced, illustrating the stringent competition for antigen occurring during this
time.

Decreasing the proportion of advantageous mutations (Fig. 2} affects the peak
width very little, and increases the duration of the interburst interval from 1-9 days to
about 2:2 days. This is roughly in accord with the expectations derived from the
analysis of a simplified model (see Appendix), that the interburst interval is propor-
tional 1o log(A2) and the peak width is independent of A. The peak mutation rate is
roughly the same in both cases, about 0-3. Assuming a ratio of silent-to-expressed
mutations of 1:2:9 (Jukes & King, 1979) and a coding sequence 660 bases long
(Klein, 1990), these rates are roughly equivalent to 61 x 10~* bp~! generation™ !,
within the estimated bounds given elsewhere (Berek & Milstein, 1987). The average
mutation rates over the total 14-day period are 00425 corresponding to
87 x 105 bp~! generation~! (Fig. 1) and 0-055 corresponding to 1-1x 10~* bp~!
generation~! {Fig. 2).

While certain details of the solutions change as parameters vary, the crucial point
is that for all reasonable parameter values, the optimal solutions are phasic.

4.1. PHASIC p(f) IS NOT AN ARTIFACT OF COARSE GRAINING

It may be objected that the phasic solution could be an artifact of our coarse-
graining of the affinity distribution. It is important to know that this is not the case.
To show this, we have “added back” some fine structure to the affinity distribution of
the model. With this modification, each single point-mutation can reach two affinity
classes forward or backward, rather than just one. Given that a mutation to one of
the two higher-affinity mutants has occurred, we assign probability p; to the event
that it jumps to the higher of the two classes. The point of this is to show that it may
be advantageous to skip classes, Thus, for example, if in our original coarse-grained
model each affinity class corresponded to a change in affinity by a factor of 10, and
we now add new classes so that changes of affinity by a factor of 5 are being modeled,
we want to know if the optimal solution will aiways lead to changes in affinity by a
factor of 5. If this is the case, then we should add more classes until we have enough
classes that it is no longer optimal to always go to the next highest class. If it is
always best to advance just to the first available higher-affinity class and no further
during a burst of mutation, then coarse graining will iead to spurious results. If, on
the other hand, it is sometimes worthwhile to leave mutation on and wait for a
still more advantageous variant to appear, then we feel that our discretization of the
affinity distribution into classes will not lead to spurious results. This is exactly what
we find. The higher of the two accessible higher-affinity clones can be considerably
rarer than the lower one, yet the optimal solution is to wait until the higher class
becomes occupied before switching mutation off and shifting to “growth mode”. This
is illustrated in Fig. 3, which shows the optimal schedule for a system with p; =0-1.
For this figure, we have used A% = 1591 so that the population factor for the higher
one-step class 1s exactly the same as that for the system in Fig. 2. Similarly, the
affinities are k; = 7-5(7:5)">. In each of the mutation bursts one can see the trajectory
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F1G. 3. For this figure, we have allowed one-step access to two affinity classes in either direction from
any given class. The relative probability for jumping to the higher-affinity of these two classes (solid line) is
0:1/0'9. Each episode of mutation results in the occupation of both higher-affinity classes, thus illustrating
the point that the system is not simply taking the smallest steps possible, but weighing the size of the steps
(the relative advantage) against the waiting time to take them. The seed class and al} the even-numbered
classes are shown in solid lines. The odd-numbered classes appear as dashed lines. The populations for
classes lower than the seed class have been omitted for clarity. We have used A’ =1591 so that the
probability of stepping to the higher-affinity one-mutant class is equal to the probability, in Fig. 2, of
stepping to the single higher-affinity one-mutant class. Similarly, we use x; = 7-5(7-5)72.

of the lower of the pair of higher-affinity classes cross threshold before the higher
one. It is clear that the additional waiting time required to populate the higher-
affinity class is short enough to make this the desired solution. The point is that it is
not necessarily the best choice to simply take the easiest step every time. If this were
the case, our approximation methods would nullify our results. As it is, though, the
advantage gained is weighed against the waiting time, so that it is often best to take a
larger step even though it takes longer. It would be an interesting problem to find the
optimal u(r) for the case of a continuous distribution of affinities, though we believe
that the “true” affinity distribution is far from continuous, and that therefore our
approximation is genuinely “coarse-graining” and not “discretization”.

4.2. COMPARISON WITH SUBOPTIMAL SCHEDULES

The kind of fine control over the instantaneous mutation rate implied by our
method seems unrealistic in a biological system; a less perfectly controlled switching
mechanism is more likely to be operative. Therefore, it is important to know how
sensitive our merit function 4 is to perturbations in the optimal mutation schedule.
Put another way, if instead of the optimal phasic schedule one were te use a different
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F1G. 4. The solid line shows A(T), with T = 14 days, our figure of merit, as a function of the amplitude of
& square-wave mutation schedule whose switching times are precisely those of the optimal solution shown
in Fig. 1. As in Fig. 1, we have A = 30. The dashed line shows A(T) for a constant-rate schedule, where the
constant mutation rate, jin bp~! gen™!, is given on the x-axis. (Again, x has been normalized by division
by ¢ 50 as to represent actual population numbers.)

phasic schedule or a constant mutation rate, would one see much difference in the
performance of the system? We address both of these cases by generating two
suboptimal schedules, and using these in the numerical integration of egn (9). In
addition, we will show that phasic mutation schedules are less sensitive to fluctua-
tions in the maximum mutation rate than are constant-rate schedules. This is clearly
a great advantage in itself.

Figure 4 shows the results of using suboptimal mutational schedules. In the first
schedule (solid line) we take the globally optimal w(t) and replace each burst with a
square pulse of variable amplitude. The second schedule (dashed line) uses a constant
mutation rate. The first point to note is that the square wave mutation schedule
yields 4 maximum value of A(T) which is within 19 of the global maximum, and is
four times larger than the maximum achieved by the optimal constant rate. Second,
values of A(T} near maximum are achieved over a wide range of u values when the
square wave mutation schedule is used. Finally, the constant rate schedule provides a
net improvement over simple mutation-free proliferation for ji ranging from just
positive to a value of about 9 x 10-* bp~! generation !, where mutation becomes
severely disadvantageous. In contrast, the phasic schedule provides improvement up
to ii=4x10"2bp-! generation~!, and does not become deleterious until well
beyond this point.

5. Discussion

Although mutation during affinity maturation is certainly regulated (French et al,
1989; Berck et al, 1991), the notion that a phasic mutation schedule is actuaily



54 T. B. KEPLER AND A. §. PERELSON

implemented by a set of switches that turn mutation on and off at precise times
seems unlikely. So rather than look for esoteric molecular mechanisms that might
lead to such unusual switching behavior, we will suggest that movement of cells into
and out of a “mutational compartment” in which mutation occurs can, in fact, be an
implementation of a phasic mutation schedule.

5.1. ANATOMY AND KINETICS OF THE GERMINAL CENTER REACTICN

In our model we have assumed that mutation and proliferation occurs in a single
compartment. The germinal center (GC) has been implicated as the site of somatic
mutation (Jacob et al,, 1991). The anatomy of the GC has been well-studied in the
past few years (MacLennan, 1991; Leanderson et al., 1992; Liu et al., 1992; Nossal,
1992). Rather than being a single compartment, it is clearly multi-compartmental (see
Fig. 5). It is composed of several distinguishable regions within which the B-cell
populations display distinct phenotypes. In addition, there are follicular dendritic
celis (FDC) (Tew et al., 1990), which populate the lymphoid follicles even when no
GCRs are occurring. These cells bind antigen-antibody complexes with very high
affinity for long periods of time¢ and have been implicated in the maintenance of
immune memory (Gray & Skarvall, 1988; Gray & Leanderson, 1990; Gray, 1992).
Recent in vitro studies have verified the importance of FDCs to the continued
proliferation of GC B cells (Kosco er al.,, 1992) as well as that of T cells, though their
role in that process is less clear.

The GCR starts 1 or 2 days after immunization and is marked by exponential
growth of B cell blasts in the spaces of the FDC network. In the next stage,
centroblasts appear and begin to form the dark zone ol the GC (Fig. 5). These cells
divide and mutate rapidiy, but surprisingly they cxpress no surface Ig and hence are
unlikely to be subject to affinity-based selection. The daughter cells of centroblasts
become centrocytes and form the light zone surrounding the dark zone (Fig. 5). In
the light zone, the FDC network is particularly dense and the centrocytes here
re-express surface Ig. The light zone, presumably, is where selection occurs.
Centrocytes that do not bind antigen are lost through apoptosis (Liu et al., 1989), a
self-destruction process characterized by fragmentation of nuclear material in the
regions between nucleosomes (Cohen et al., 1992). Those centrocytes that do bind
antigen may become plasma cells that do not divide but secrete Ig copious]ir, they
may differentiate into memory B cells that remain at rest until restimulated with
antigen, or they may follow another, as yet unverified, path that can lead to further
mutation as suggested by our phasic mutational schedule.

Liu et al. (1992) point out that there is another anatomically distinct region in the
CG known as the outer zone, which surrounds the light zone (Fig. 5). Some cells
leaving the light zone after antigen-based selection might re-enter the dark zone
through this outer zone. Re-entry into the dark zone could lead to another round of
mutation followed by selection in the light zone. A second possibility, suggested to us
by R. W. Anderson, is that memory cells exiting the germinal center may colonize
new germinal centers. Sequential colonization also realizes a phasic mutation
schedule, and is supported by recent experimental evidence (Vonderheide & Hunt,
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FI1G. 5. A schematic diagram of the germinal center showing the dark zone of centroblasts, the light zone
of centrocytes and the outer zone. The known paths of B cells through the GC are shown as heavy arrows.
The dark zone is populated by centroblasts, which proliferate and mutate rapidly, but express no surface
Ig. They then enter the light zone as centrocytes where they re-express surface Ig and undergo selection,
Those that fail to bind antigen die through apoptosis. Those that do bind antigen pass into the circulation
where they become plasma cells or memory cells. Shown in dashed arrows are three proposed aiternative
pathways for positively selected cells exiting the light zone. First, there is re-entry through the outer zone
into the dark zone. Second, there is re-entry through the circulation. Finally, there is sequential
colonization, through the circulation, of new germinal centers.

1992) indicating that memory B cells act as germinal center precursors more readily
than do other B-cell types. A third possible implementation of a phasic schedule
could involve cells entering the circulation after selection in the light zone. Such cells
might then re-enter the dark zone of the GC from the circulation. If these re-entrant
cells divide during their transit back to the dark zone so that selected populations
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expand, then this scenario also implements a phasic mutation schedule through
spatial compartmentalization. As pointed out to us by J. Ahouse, this scenario
could give rise to multi-clonal germinal centers. More specific assumptions are
required to evaluate the expected diversity. Given the known GC oligoclonality
(Kroese et al., 1987; Jacob et al.,, 1991}, once these assumptions are established, this
scenario will be subject to test against the present data and against more precise
measurements of GC clonal diversity possible in future experiments.

The concept of re-entry into a mutational compartment seems unavoidable (Steele
et al., 1991} if one considers the large numbers of mutations observed in experimental
preparations together with the known anatomy of the germinal center. The number
of mutations appearing in the course of the primary response is quite variable and
seems to depend on the antigen used and other experimental conditions. Values for
the number of mutations in the late primary response run from about three (Berek &
Milstein, 1987; Gearhart & Levy, 1991) to as high as ten or more (Sharon et al., 1989)
in each of the light and heavy chain variable regions. Manser (1991) quotes an
average number of six mutations per V-region gene. Without re-entry, a given cell
would undergo one or more divisions with mutation as a centroblast but would not
be subject to selection. Its daughter cells, the centrocytes, which re-express surface [g
would then experience selection, but those chosen would not experience further
mutation. Mutation would need to be accomplished all in one shot. For example,
generation of a high-affinity Ig V-region genes containing six mutations would
require generation of a pool of candidate six-mutant V genes large enough to be
likely to contain one of high affinity. This seems highly unlikely. Thus our resuits,
suggesting that a phasic mutation schedule is optimal, help explain how a multi-
compartmental GC can perform affinity maturation with high efficiency.

6. Conclusion

We have examined somatic hypermutation in the immune response of B cells as a
problem in optimal control. When modceled as a single-compartment system, the
mutation schedule u(t) that maximizes the total affinity (or many other reasonable
figures of merit) has periods of high mutation rates interspersed between periods of
mutation-free growth, i.e. is phasic. We suggest that a phasic mutation schedule
would arise if there were one or more “mutational compartments” in which cells
entered periodically. The germinal center is the obvious candidate for a mutational
compartment since Jacob et al. (1991) have observed somatic mutants in the GC but
not elsewhere in the spleen. Further, a phasic mutation schedule arises as a naturai
consequence of the multi-compartmental structure of the germinal center if there
exists a re-entrant pathway for positively selected mutants as suggested by Liu et al.
(1992), or if the mutants which exit one CG colonize another germinal center.
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for critical readings of an earlier version of this manuscript. This work was supported by Los
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APPENDIX

Al. Simplified Models

in order to develop an intuition about the results contained in the main body of
this paper, and to make contact with the previous work of Agur et al. (1991), we
present here three models that are sufficiently simple that analytical solutions may be
found.

For the simplified models we assume that all disadvantageous mutants are non-
binding lethals. Furthermore, we posit that the affinity of the one-step advantageous
mutant is much greater than that of the seed clone, so that we are interested only in
minimizing the time it takes to generate one such mutation. With x, the seed clone
and x, the advantageous one-step mutant, the equations of motion can be written as

d
Fxf = xo{ —kg+ B(xo)ks+k,(1— 24} (A1)
and d 5
% = Kﬁ Bk, xoh(xo). (A.2)

The three models that we consider differ in the choice of functions k& and ¢.

Note that the terms missing from these equations in comparison with (9) are the
terms multiplied by 8,. But since we start with only x, populated, these terms are
zero until x, reaches threshold, and this is, by definition, the terminal event, so they
need not be included. Similarly, in the simplified models, the stimulation level hy
depends only on x, since all clones other than the seed clone are negligible, either
because they exist in very small concentrations (the higher-affinity clones) or, because
by assumption, they do not bind antigen (for the lower-affinity clones, h is small).
Therefore, the sum in (8) gets its only non-negligible contribution from the j =1 term,
and hy = hg(x,).
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The function we are maximizing is the negative of T, the terminal time. The
Hamiltonian picks up a constant term to reflect this choice (Pontryagin et al., 1962)
and is now given by

H = —c+zxo(—kg+ h(x o)k, + k(1 = 2w)) + % D)k, hi(xo)xo. (A.3)

The boundary conditions are xf0)=¢, x,[0)=0, x(T)=¢ and T)=0; cis a
constant to be determined.

Al.l. MODEL §

The simplest model corresponds most closely to that developed by Agur et al.
(1991) and is given by ¢(u)=1 and a constant stimulation level, h(x,) = h®. These
simplifications are appropriate in the limit of antigen excess and small mutation
rates, but we will not enforce this latter condition. Antigen excess is equivalent, in
our dimensionless variables, to small x, In the limit where x,=0, (8) gives us
h® = ko (1 + K,).

If we insist that g be constant, (A.1) and (A.2) can be easily solved, giving

Xo(t) = L exp (k1) (A.4)
and
2uk h°
x(t) = L — A5
1) KA (xo{t)— &) {A.3)
where

ky = k{1 — B0+ kK1 —2p).

We are interested in the time T required to reach the threshold condition
x(T) =&, Inserting this into (A.4) and (A.5) gives
Ak,

T(it = constant)} = ki log (1 + 2,uk—h°) (A.6)
i1l P

If we minimize this expression over u, we get, for A large

ko

2k, h° log (A?) A7)

H’opt =

and
Tainlit = constant) = kl (log A2 +log log(A%)). (A.8)
0

Here, ko, = k,+2uk,,h° is the growth rate when u=0.

The globally optimal solution can also be found exactly. This is a so-called bang-
bang solution, in which u switches discontinuously from its minimum value 0, to its
maximum value y,,,, when the co-state variable passes through the value z =1 from
above: u(t) = p., (1 —2(1)). Using the fact that (Pontryagin et al., 1962) H(f) =0 for
all 0 <t < T and the terminal condition we calculate the switching time,

t = {— log (A%) (A9)
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and the terminal time
1

k
= Zlogf—0 1} Al
T=t+ k, og (2#mxk,,h°) (A.10)

This solution directs the seed clone to grow without mutation until it reaches the
size £A%, and then to turn on mutation at the maximum rate. The duration of the
burst, 1= T—t,, is a decreasing function of p_,, and vanishes as g, —c0, giving

To.in(global) = ki log(A%). (A.11)
0

Of course, this limit is artificial; it is only advantageous because we neglected, in {19),
the exponential factor that cuts off m,, for large x. A more reasonable value to take
for u is that for which &, vanishes, in which case,

T = — (log (A + 1), (A.12)
ks

Using A? = 900, T,,;,(1 = constant) is about 28% longer than T, (global) and 242
longer than the “practical” minimum T,

min*

Al.2, MODEL 2

We may introduce some non-linearity by dropping the antigen excess condition.
The global optimum solution above required that the seed clone grow to the size EA?
before switching on mutation. This may not be reasonable when A? becomes large.
To take this into account, let k(xy) = A%(1 — x,/x). This logistic term can be obtained
as an approximation of (8) by expanding hy(x.) (recall that h, depends only on x,} in
a power series and neglecting terms of order higher than the first. Or one can choose
x so that the asymptotic value of x, agrees with (11).

Since u still enters linearly, the optimal solution is still bang-bang. Again, the
differential equations can be solved analytically. If the switching time is ¢,, then

Xo& e*"
ty)y=—"2_""_— A13
o) Xo+ L —1) (A.13)
where x, = yko/(ko+k,). The final value attained is
KT
X(T) = _ apx(t) e (A.14)

X+ x(t M —1)
where x, = xk,/(k,+k,). The optimal solution is given by the pair of equations

x(tl)) — 2[_!kph0x(T) (1 _ @)
Xo x,u

kox(t,) (1 - (A.15)

and

Kt o (XY L L oy
2uk, B, ( P ) log (x,,—x(T)) o (D)= x(t) (A.16)
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FiG. Al. This plot shows the relationship between the terminal time T and A?, whose reciprocal gives
the frequency of advantageous mutants. The solid line is for simple model 2, with g, =05 and the
dashed line is for a constant u model, whete g has been chosen (1 = 0-065) to minimize T at AZ = 900. All
figures for the Appendix were generated using parameters as given in the text unless noted.

subject to obvious comsistency conditions. Il u,,, is large enough to make k,
negative, this solution only exists for A? not too large. For A? large, the solution
involves multiple switching events and will not be treated here. For physiologically
realistic parameter values, the above solution is the correct one.

Figure Al provides a comparison of the optimal solution of this model with one
for which the mutation rate is kept constant. Shown is A? plotted against terminal
time T, for the optimal solution (solid line) and the u-constant solution. For the
latter case, we have chosen p so as to minimize T at A? = 900 (the value we have been
using in the more complicated model). For the optimal solution model we have
used p,, =05 This is a reasonable vaiue, though increasing it will give us a
marginally better solution. Note that the advantage enjoyed by the optimal solution
actually becomes greater as A? increases. The terminal point on the optimal sclution
curve is where the single switch solution fails and a2 more complicated multiple
switch solution is required.

Al3. MODEL 3

A third simple model is defined by returning to the antigen excess approximation,
but allowing for non-linearities in the u terms. In particular, tet ¢(u}=1—pg. This
corresponds to a smail u expansion of (19) and (20), in which the first two terms of
each u expression are kept. In contrast to the findings of Agur et al. (1991), the
optimal-control solution is no longer bang-bang. Instead, u changes continuously
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between 0 and 1I:
u=41-2)8(1-2)8(1 +2)+8(—1—2z) (A.17)

although we find that we do not reach the upper switch point. Substituting this into
the expression for dz/dt, we get

gf = — 3k, B0 — (ko — k, )z — 3k h02* (A.18)

for times t greater than the switching time ¢,, which is to be determined. Using the
fact that z(¢,) = 1, the solution of this equation is

(1 —g*)+q*(g— e

Z(tl+t)= l_q*_'_(q_l)e—l‘ml

(A.19)

where g and g* are the complex conjugate roots of the quadratic equation obtained
by setting dz/dt =0 in (48). The frequency w is

o 2koRg+k, (1 +|g|> —2Rq)

A20
23g (A.20)
The terminal boundary condition z(T) =0 gives
i qlq* — 1))
1=—log|{ ———}|. (A.21)
w (q*(q— 1)
5
4 -
=~
< gl
‘Rﬂ.
8
w 2
.-
}
1 -
1) ) ! a1, 1
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F16. A2. The correction term —log (2kok ,4%I) for simple model 3, against £°, the initial stimulation level
for the seed clone (see text).
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F1G. A3. The terminal time T and the mutation-on time 7 against h° for simple model 3.
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F1G. A4. The shape of the trajectory p(t) for simple model 3 with A° = 0-8. This shape is quile insensitive
to changes in k°,

The switching time ¢, is found by solving the integral condition ensuring that the
high-affinity clone has reached threshold. This condition is

t = kl(log (A%)—log (2k,h°k, 1)), (A.22)
0
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§ u(l—p)de
I= A23
L 2k hPu(l — p) + z(ky — 2k, h°) (A.23)

where we use p to mean u(z{t, +1t)), etc. This integral involves no undetermined
constants and does not depend on ¢;, but only on t, which we know explicitty. So
this integral can be performed numerically without difficulty.

For k, and k, fixed, I depends only on h° and this only weakly. Figure A2 shows
this in a plot of the “correction” term —log(2k,h°k, 1) vs. h°, when the rate constants
are as given in the fully complicated model. Figure A3 plots the total time, T, and the
burst duration, T, against k%, T diverges as h° approaches 1/2, where ko = 0. These
times may be interpreted as the interburst interval and the burst duration, respec-
tively, showing qualitative agreement with the numerical analysis of the full model.

The mutation rate u(t) has a characteristic shape (Fig. A4) that changes very little
as A° varies, but approximately scales with 7, rising from a value of 0 slightly convex
downward, and reaching a value of 1/2 at the terminal time. This shape remains
characteristic of the rising phase of the mutational bursts in the phasic solutions of
the full model.

The integral [ is




